In this paper, the capacity and error probability of orthogonal space-time block codes (STBCs) are presented for PAM/PSK/QAM modulation in correlated flat fading channels. We consider an equivalent scalar AWGN (additive white Gaussian noise) channel with a channel gain proportional to the Frobenius norm of the matrix channel. A unified approach to the error probability analysis for correlated Rayleigh and Rician fading channels is presented. Closed form error probability expressions are derived for Rayleigh fading channels. We also determine the capacity and probability of error for a multiuser direct sequence code division multiple access (DS-CDMA) system employing a STBC over correlated fading channels.
Introduction
In recent years, orthogonal space-time block codes (STBCs) [1] - [3] have been widely employed to provide diversity gain with very low computational complexity. The major drawback is a loss in capacity, as shown in [4] for an arbitrary channel. An equivalent scalar Additive White Gaussian Noise (AWGN) channel was given in [4] assuming a full code rate. Similar work can also be found in [5] , in which the closed form capacity of several diversity systems in Rayleigh fading channels was obtained. However, the results in [5] were derived for adaptive transmission with diversity combining, while the results in this paper can be generalized to arbitrary modulation schemes and communication systems.
The Shannon capacity for an AWGN channel with continuous-valued inputs and outputs is C = W log 2 (1 + S NR), where S NR is the signal-to-noise ratio and W is the channel bandwidth. However, a channel employing a STBC with PAM/PSK/QAM modulation has discrete-valued inputs and continuous-valued outputs, which imposes additional constraints on the capacity. In [6] , a new capacity expression for independent fading channels was introduced which takes into account the constraint of discrete-valued inputs, as well as the capacity loss incurred by employing a STBC. In this paper, we extend the results in [6] capacity for STBCs in correlated fading channels. In particular, a closed form Shannon capacity expression is derived for correlated Rayleigh fading channels. The capacity loss due to the channel correlation is determined, which can aid in the design of STBC systems. Note that only orthogonal STBCs are considered in this paper. In [7] , a unified approach was presented to calculate the error rates of linearly-modulated signals over generalized fading channels based on the moment generating function (MGF) of the SNR for multichannel reception. A similar analysis was given in [8] for binary maximum ratio combining (MRC) multichannel reception. In [9] , equal gain diversity combining over a Nakagami fading channel was discussed. In [10] , a closed form error probability expression for MRC over independent Rician fading channels was derived as a series expansion that can be evaluated with controlled accuracy. In [6] , the error probability was analyzed from the SNR perspective based upon the equivalent scalar channel induced by the STBC for independent fading channels. In this paper, we continue the work of [6] by extending the analysis for PAM/PSK/QAM modulation to correlated fading channels. A unified approach is introduced for various fading channels and modulation schemes, and this is used to obtain error probability expressions for Rayleigh and Rician fading channels.
The rest of the paper is organized as follows. Section 2 presents STBCs and the equivalent channel model. The capacity analysis over correlated fading channels is given in Sect. 3. In Sect. 4, error probabilities are derived for different modulation schemes and correlated fading channels. In Sect. 5, the error probabilities and capacity analysis are extended to DS-CDMA systems employing a STBC. Section 6 presents some numerical results to illustrate and verify the analysis given in the previous sections, and Sect. 7 provides some conclusions.
Space-Time Block Codes and the Channel Model

General Channel Model and STBC Construction
The channel model is the same as in [2] - [4] . We consider a system with N transmit and M receive antennas. The channel is assumed to be quasi-static with flat fading, which in this paper means that the channel is constant within one STBC codeword period, but varies independently between codewords. In addition, perfect channel state information is assumed available at the receiver, but the channel is unknown at the transmitter.
Let T represent the number of time slots used to transmit S symbols. Then the transmission matrix of a STBC is given by
where the g i j represent elements of the signal constellation or their conjugates, and are transmitted simultaneously from the ith transmit antenna in the jth time slot for i = 1, 2, . . . , N and j = 1, 2, . . . , T . Since there are S symbols transmitted over T time slots, the code rate of the STBC is given by
Based on the theory of orthogonal designs, it was shown in [2] that full rate STBCs exist for any number of transmit antennas using an arbitrary real constellation such as PAM. For an arbitrary complex constellation such as PSK/QAM, half rate STBCs exist for any number of transmit antennas, and full rate STBCs only exists for 2 transmit antennas. For example, for two transmit antennas G 2 is a rate 1 STBC, for three antennas G 3 and H 3 are rate 1/2 and 3/4 STBCs, respectively, and for four antennas G 4 and H 4 are rate 1/2 and 3/4 STBCs, respectively [2] .
At a particular time nT , the received signal corresponding to the nth input block spanning T time slots can be expressed as
where Y nT is an M ×T matrix, H is an M × N fading channel coefficient matrix with i.i.d. (independent, identically distributed) entries modeled as circular complex Gaussian random variables, G T is the transpose of G with size N × T , and W nT is an M × T receiver noise matrix with i.i.d. entries modeled as circular complex Gaussian random variables with zero mean and variance N 0 /2 in each dimension.
The Effective Scaled AWGN Channel
In [6] , the equivalent AWGN scaled channel for STBC was given as
where y nT is the S × 1 complex matrix after STBC decoding from the received matrix Y nT , X nT is the S × 1 complex input matrix with each entry having energy E s /N 0 , E s is the total transmitted energy from the N transmit antennas per symbol time, W nT is complex Gaussian noise with zero mean and variance
M j=1 h i j 2 is the squared Frobenius norm of H, and h i j is the channel gain from the ith transmit antenna to the jth receive antenna. The effective instantaneous SNR, denoted as γ s , at the receiver is then
is the average SNR of each fading path per symbol, and γ i j is the instantaneous SNR of each fading channel. It can easily be shown that the instantaneous SNR per bit has the same PDF as γ i j except that
for a q-ary signal constellation.
Characteristic Function and PDF of the SNR for Correlated Fading Channels
To facilitate the analysis, we first define an MN × 1 column complex matrix
Then (5) can be written as
where † denotes matrix transpose and conjugate.
Rayleigh Fading
With Rayleigh fading, h i j can be modeled as a complex Gaussian variable with zero mean and variance σ 2 i j in each dimension. The complex covariances of the h i j are given by the elements R kl of the MN × MN covariance matrix
where E[.] denotes expected value, * denotes conjugate, and denotes transpose. From (9) , it can readily be determined that the covariance matrix R is Hermitian, positive semidefinite.
As shown in [11] , the distribution of γ s is a Hermitian quadratic form distribution in complex Gaussian variates. Following the procedure in [11] , the characteristic function (CF) of γ s , which is defined as a Laplace transform on the PDF, is then
Assume the rank of the covariance matrix R is r, where r ≤ MN, and R has µ distinct nonzero eigenvalues, with the ith nonzero distinct eigenvalue of R denoted as λ i , and repeated κ i times, where
Then (10) can be written as
Using a partial fraction expansion [12] , (11) is then
where the coefficient D i j is given by
An inverse Laplace transform will provide the PDF of γ s . Utilizing the linearity of the Laplace transform, the PDF of γ s can be written as
where Γ(.) is the Gamma function. As a special case, for constant correlation with correlation coefficient ρ, i.e. R kl = ρ for k l, and balanced fading channels, i.e. σ 2 j = σ 2 , the covariance matrix will
The PDF of the instantaneous SNR γ s from (14) is therefore
In particular, for STBC G 2 with one receive antenna, the PDF of the instantaneous SNR γ s is
Note that balanced fading channels are assumed in (15) and (16) . For STBC G 2 with one receive antenna over unbalanced Rayleigh fading channels having coefficients h 11 and h 21 with variances σ 2 11 and σ 2 21 , respectively, the PDF of the instantaneous SNR γ s can be obtained using the procedure in [13] 
where
ρ is the correlation coefficient, and
are the instantaneous SNRs for the two channels, respectively. Ifγ c1 =γ c2 , i.e. the fading channel is balanced, the result is the same as (16), as expected.
Rician Fading
For Rician fading, h i j can be modeled as a complex Gaussian variable with means m I and m Q for the real and imaginary parts, respectively, and variance σ 2 i j in each dimension. The complex covariances of the h i j are given by the elements R kl of the MN × MN covariance matrix defined in (9) .
Again, as in [11] , the distribution of γ s is a Hermitian quadratic form distribution in complex Gaussian variates. Following the procedure in [11] , the characteristic function of γ s , which is defined as a Laplace transform of the PDF, is
Note that (22) equals (10) if E[z] = 0, i.e. a Rayleigh fading channel. The Laguerre-series expansion [14] , [15] of (22) can be used to perform the inverse Laplace transform to obtain the PDF of the instantaneous SNR γ s .
Capacity of STBC over Fading Channels
Shannon Capacity over Fading Channels
The capacity of a multiple antenna wireless system over a fading channel with continuous-valued inputs and continuous-valued outputs is given in [16] as
where E[.] is the expected value operator, I is an identity matrix with dimension M, det denotes the determinant of X, and † denotes matrix transpose and conjugate. The capacity of the equivalent STBC channel in (4) with continuousvalued inputs and continuous-valued outputs for complex signals is given in [6] as
Given the PDF of γ s , the capacity of the equivalent STBC channel can be obtained from
Monte Carlo simulation can be employed to evaluate (25). However, in the remainder of this section, closed form Shannon capacity expressions are derived for Rayleigh fading channels.
Substituting (14) into (25), the Shannon capacity for a STBC with a Rayleigh fading channel is
To evaluate the integral above, we employ the following function
The proof of (27) is given in the Appendix. Ei(.) denotes the exponential integral function. The closed form Shannon capacity for a STBC over a correlated Rayleigh fading channel is then
Assuming constant correlation, the capacity can be obtained by substituting (15) into (25) givinḡ
Similarly, the Shannon capacity for STBC G 2 with one receive antenna over a correlated Rayleigh fading channel can be obtained by substituting (16) into (25) resulting inC
The corresponding Shannon capacity over an unbalanced correlated Rayleigh fading channel can be obtained by substituting (17) into (25)
3.2 Capacity of q-ary Signal Constellations over Correlated Fading Channels
Both (23) and (24) were obtained assuming continuousvalued inputs. Here we consider modulation channels with discrete-valued multilevel/phase inputs and continuousvalued outputs. Assuming maximum likelihood (ML) soft decision decoding with perfect channel state information at the receiver, it is known [17] - [19] that the capacity C S T BC of the STBC channel (4) can be obtained by averaging the corresponding conditional capacity C (H) with respect to the joint PDF of the channel matrix H. The resulting expression for the capacity of the fading channel is
with
where α j , j = 1, . . . , q is a real signal in the q-ary PAM constellation or a complex signal in the q-ary PSK/QAM constellation, and p(H) is the joint PDF of the M ×N random elements of the channel matrix H for the fading channel. Note that (32) applies to both real signal constellations such as PAM, and complex signal constellations such as PSK/QAM.
Capacity Comparison
It was shown in [4] that the difference between (23) and (24) is the capacity loss incurred by using a STBC in a MIMO fading channel with continued-valued inputs. The capacity of a MIMO fading channel with PAM/PSK/QAM modulation is given in [22] as
A X = α 1 , . . . , α q is the q-ary complex signal constellation, (A X ) N is the N-fold Cartesian product of A X with itself,
N is a q N -variate random variable with outcomes taking values from the expanded signal constellation (A X ) N , and y = [y 1 , . . . , y M ] T is the Mdimensional output vector of the receive antennas.
It can be shown that the second terms in (33) and (35) vanish as the SNR increases, which implies that the capacity of a MIMO fading channel approaches N log 2 q bits/channel use while the capacity with a STBC approaches only R log 2 q bits/channel use for large SNR. While the capacity loss of (N − R) log 2 q bits/channel use incurred by using a STBC is fairly significant, we will show that the SNR threshold for reliable data transmission is reduced because of the STBC diversity gain.
Error Probability with Correlated Rayleigh Fading
Let P q (γ s ) denote the instantaneous error probability of a qary signal constellation with STBC on an AWGN channel. The error probability with correlated Rayleigh fading can be obtained by averaging P q (γ s ) over the PDF of γ s
Note that P q (γ s ) can be symbol error probability (SEP) or bit error probability (BEP).
Probability of Error for PAM
Since full rate STBCs exist for any number of transmit antennas using a real PAM constellation [2] , we assume R = 1 for q-ary PAM. The SEP for PAM over an AWGN channel is [20] 
where Q(.) is the Gaussian tail function. Substituting (16) into (36), the average SEP of PAM with a STBC is
To evaluate the integral in (38), the following function can be used
and a and u are constants which are modulation dependent. Based on (39), the closed-form symbol error probability for PAM with STBC is then
Probability of Error for PSK
It is well known [20] that the BEP of BPSK and QPSK over an AWGN channel are
and
respectively. As shown in [21] , the exact symbol error probability of q-ary PSK for an AWGN channel is
For large SNR and large values of q, the SEP of q-ary PSK in an AWGN channel can be approximated as
The equivalent BEP is
if Gray coding is assumed. This approximation is good for large values of q, however for q = 2 there is a factor of 2 difference with the exact probability given in (43). By substituting for P q (γ s ) in (45) and using (39), (36) can be written as
Therefore, the BEP can be approximated as
By substituting for P q (γ s ) in (42) and (43), and using (39), the exact bit error probability for BPSK and QPSK can be derived from (36) as
for BPSK and
for QPSK. Note that
for QPSK.
Probability of Error for QAM
Rectangular QAM signal constellations are frequently employed because they are just two PAM signals on quadrature carriers. For q-ary, q = 2 k (k even), rectangular QAM, the symbol error probability in AWGN is given in [20] as
By substituting P √ q (γ s ) in (36), we obtain
Using (39), the closed-form symbol error probability for rectangular q-ary QAM with STBC is then
and for √ q-ary PAM in q-ary rectangular QAM
Derivation of the closed form SEP for special cases like constant correlation, and STBC G 2 with one receive antenna over balanced or unbalanced fading channels, is straightforward.
A Unified Approach to the Error Probability on Correlated Fading Channels
In the previous sections, the error probabilities of PAM/PSK/QAM modulation with correlated Rayleigh and Rician fading channels were obtained. Closed form expressions were derived based on the integral function (39). However, as stated above, applying the same approach to correlated Rician fading channels is extremely difficult due to the exponential component of the characteristic function. Though one can perform a Laguerre-series expansion to transform the PDF into the desired form, the coefficients of the expansion are very complex because they involve the Laguerre polynomial. In this section, we introduce a unified approach to the error probability analysis [4] over correlated Rician fading channels based on the characteristic function of the instantaneous SNR γ s . A simple error probability expression is obtained via an integral transformation of the Gaussian tail function. Though numerical integration is required for the error probability evaluation, this approach is more tractable than using Laguerre-series. To facilitate the error probability analysis, we express the Gaussian tail function in the following form [4] Q(
Then we have
and the STBC SEP over a correlated Rician fading channel is
where, for q-ary PAM a = For noncoherent detection of binary signals in an AWGN channel, the error probability with an optimum matched filter receiver is given by
for DPSK. In this case, the STBC error probability with binary DPSK over correlated fading channels can be obtained from (36) as
Extension to DS-CDMA Systems
There is great interest in the application of STBCs to practical wireless systems, such as GSM and CDMA. As part of the 3G UTRA (Universal Terrestrial Radio Access) FDD (Frequency Division Duplex) standard, space-time block codes have been proposed for use in the CDMA downlink to provide transmit diversity. In this section, we extend the results in the previous sections to a STBC DS-CDMA downlink with correlated fading channels. Both the capacity and error probability are derived.
Equivalent Channel Model
The system model is illustrated in Fig. 1 . To facilitate the analysis, we generalize the CDMA multiple access interference model from [22] , [23] to accommodate multiple antennas. Assume the first user is the desired one. The equivalent channel model for STBC DS-CDMA is then wherer 1T is the received signal of user 1 over T symbol durations, T s is the symbol duration, b 1T is the encoded signal of user 1, η has zero mean and variance
G is the processing gain of the CDMA system, P k is the power of user k, and K is the number of active users. Assuming perfect power control, i.e. P k = P, the effective instantaneous SNR γ s at the receiver is
Capacity of DS-CDMA Systems
For convenience, we normalize the equivalent channel by √ T s /2 so that (66) can be written in the same form as (4)
where X nT is the S × 1 complex input matrix with each entry having symbol energy E s , and η nT has zero mean and variance
The Shannon capacity expressions for CDMA with a STBC over correlated Rayleigh fading channels can be obtained from (28) by defininḡ
The capacity with a q-ary signal constellation can then be obtained directly from (32).
Error Probability of DS-CDMA Systems
Using (71), the error probability results given previously for correlated fading channels can be directly applied to the STBC DS-CDMA case. In particular, the exact BEP of BPSK is given by
for Rayleigh fading; and
for Rician fading with a = 2 and
Note that there are two factors inγ c which determine the BEP of the system,
. The first term corresponds to the multi-access interference (MAI) from other users and the self-interference from different transmit antennas. The second term corresponds to the system noise (AWGN). For large SNRs,γ c will be dominated by the MAI, i.e. the number of users limits the performance, as expected.
Numerical Results
In this section, some numerical results are presented to illustrate and verify the capacity and error probability results obtained in the previous sections. Figure 2 shows the Shannon capacity using STBC G 2 over a correlated Rayleigh fading channel with one receive antenna. As discussed in [24] , for the case of an equally spaced linear antenna array, if we assume a Gaussian model for the power correlation among the channels, the correlation coefficient is
where i, j = 1, . . . , MN, d is the physical distance between two adjacent antennas, and λ is the wavelength of the carrier frequency. The coefficient k = 21.4 was chosen to give the same −3 dB point with the Bessel correlation model as in [24] . This correlation model is also used here to illustrate the relationship between the error probability and the separation distance between antennas. Results obtained from (30) and Monte Carlo simulation were found to be identical, which verifies the analysis. As shown in Fig. 2 , the capacity increases as the physical distance between the two antennas increases when this distance is less than half the wavelength. However, when this distance is larger than half the wavelength, a further increase in the distance has no impact on the Shannon capacity. Given this fact, we can conclude that as long as the distance between adjacent antennas is larger than half the wavelength, the fading channels can be considered independent. The capacity of STBC G 2 over a correlated Rician fading channel for different correlation coefficients with one receive antenna and BPSK modulation is given in Fig. 3 . These results were obtained using (33) with the Rician parameter set to 10 dB. This figure shows that for the same capacity, there is approximately a 3-4 dB advantage with independent Rician fading (ρ = 0), over complete correlation (ρ = 1). The capacity of STBC G 2 over a correlated Rician fading channel with one receive antenna and BPSK modulation is given in Fig. 3 with the Rician parameter set to 0 dB. Again, there is approximately a 3-4 dB advantage with independent Rician fading over complete correlation to achieve the same capacity. Comparing Figs. 3 and 4 , we find that to achieve capacity, an additional 5 dB in SNR is required when the Rician parameter is 10 dB versus the case when this parameter is 0 dB. Fig. 3 Channel capacity of STBC G 2 with BPSK over a correlated Rician fading channel with one receive antenna, Rician parameter=10 dB. Fig. 4 Channel capacity of STBC G 2 with BPSK over a correlated Rician fading channel with one receive antenna, Rician parameter=10 dB. Simulation was used to verify the closed form error probability expressions in Sect. 4. Figure 5 presents the BER of STBC G 2 with BPSK and one receive antenna over correlated Rician fading channels. This shows that as the Rician parameter increases, the channel approaches AWGN, which explains why the correlation has almost no impact on performance when the Rician parameter is set to 100 dB, i.e. the channel is almost Gaussian.
The channel capacity of a DS-CDMA system employing STBC G 2 with one receive antenna and BPSK modulation over a correlated Rayleigh fading channel is shown in Fig. 6 . The processing gain is 32. Both single user and multiple user environments are presented with 1 and 30 users, respectively. Again, the capacity increases as the physical distance between adjacent antennas increases when this distance is less than half the carrier wavelength. When this distance is larger than half the carrier wavelength, the fading channels can be considered independent. Note that the capacity is limited by the number of users active in the system. With more than one active user, the system cannot achieve the full theoretical channel capacity. As shown in the figure, with 30 synchronous users active in the network, the achievable capacity is 0.75 bits/s/Hz. Thus there is a capacity loss of 25% due to MAI.
Conclusions
A comprehensive analysis of the capacity and error probability of orthogonal space-time block codes in correlated fading channels has been presented. Correlated Rayleigh and Rician fading channels were considered for PAM, PSK and QAM modulation. Closed form Shannon capacity expressions were derived for a STBC in correlated Rayleigh fading channels. Channel capacities for STBCs with PAM/PSK/QAM modulation over correlated fading channels were also investigated. Closed-form error probabilities were derived for correlated Rayleigh fading channels and various modulation techniques. A unified approach to the error probability analysis was also introduced for correlated Rayleigh and Rician fading channels. A simple expression was obtained based on the characteristic function of the instantaneous SNR. Using this analysis, the performance of a STBC multiuser DS-CDMA system was determined.
